In this paper planar-frame structure with general load is introduced. These structures can be supported one or more symmetry planes. In automotive industry the symmetry gives opportunity for reduction during vehicle design process. The planar structures with planar and perpendicular load are examined with σ and Σ point methods. Furthermore coefficients of the compatibility matrix and location of σ and Σ points are represented when the structure have zero, one or more symmetry planes.
2 Planar-frame structure loads in classical method The planar-frame structure for planar load was worked out by Antal Kherndl in the 19 th century and it is called "σ-point method". This method neglects the deformations caused by the normal and shear loads (Kherndl, 1883; 1884) . The planar-frame structure for perpendicular load was examined by Béla Sályi who worked out the dual pair of the σ-point method in the end of the 20th century, which is called "Σ-point method". This method neglects the deformation caused by the shear load (Sályi, 1966) .
Both methods use statically determined basic system frame and the cut is not in the line of the frame, but at an inner point, which is in contact to the frame with infinitely rigid beams (Fig. 1) .
The six internal loads are collected in Tab.1. The matrix coefficients of the compatibility equations are denoted by δ ik , where i, k = {1, 2, 3, 4, 5, 6}. The indices i, k = {1, 2, 3} are used for the planar loads and i, k = {4, 5, 6} are used for the perpendicular loads. If the frame is planar, the planar and perpendicular loads are divided into two orthogonal groups, so δ ik is zero if i = {1, 2, 3} and k = {4, 5, 6}. In the xy plane the σ point can be located, where δ ik is zero if i, k = {1, 2, 3} and i ≠ k. These conditions result that the frame's "principal axes" point to the same directions as it was supposed with the direction of unit internal loads. Continuing this process, in the x'y' plane a Σ point can be located, where δ ik = 0, if i, k = {4, 5, 6} and i ≠ k. In general case the σ and Σ points are located in different positions causing more complex and time-consuming calculation. The z and z' axes usually are parallel.
The Kherndl-Sályi methods replaced the original beams with sliced beams, which were realized as physical beams. The inner forces in the cross sections were calculated by the principle of work. It is simply shown that there is no change in the calculation if the slice is in different position from task to task (Sutter, 1947) . (Fig. 2-7) .
The σ and Σ points are located in the plane of the frame, but usually are located in a different position and the coordinate system can be different as well. The matrix coefficient of the compatibility equation, in case of s is the arc length along the frame (1-3). The coefficients with mixed indices (4-6):
The matrix coefficients in case of perpendicular load (7) (8) (9) , and finally the coefficients with mixed indices (10-12).
The equations can be added in other way, if the unit loads are written as in the tables below (Tab. [2] [3] [4] [5] [6] [7] .
With this the coefficients are collected in Tab. 4-7.
In case of suitable choice of xyz (x'y'z') coordinate axes, the mixed indices coefficients can be zero and thus six statically indetermined equations can be easily calculated. Because of the cyclic integral, the general curvature planar-frame structure's "principal axis" and "centre of gravity" calculations are difficult. Here the centre of the gravity means the location of the σ and Σ points. The calculation task could be easier, if the frame has at least one symmetry plane. In case of one symmetry plane, the "principal axes" are given and there is no need to calculate the first or second coordinate of σ and Σ points. If the structure has two symmetry planes the "principal axes" and σ or Σ points coincide. Three symmetry planes do not give extra information about the location of σ or Σ points, and the number of "principal axes" are infinite.
Calculation in general case
For general shape frame calculation the "principal axes" and locations of σ and Σ points are time-consuming. Instead of xy (x'y') coordinate system, the frame analysis is done in the ξη arbitrary direction coordinate system. Both of these systems have the same origins, σ or Σ points. The xy (x'y') axes are rotated with γ (γ') angles. The elementary ds sections are defined with r (r') local vectors and φ (φ') angles. The main purpose is to determine the γ (γ') angles where xy (x'y') are principal axes (Fig. 8) .
The value of δ 12 is zero in xy coordinate system, if the xy coordinate axes point into the principal axes directions (13) . In the ξη coordinate system it cannot be zero, because ξη axes are not principal axes (14) . If the γ and γ' angle is chosen correctly in the the ξη coordinate system, the xy axes can be principal axes.
Similarly to planar load, in case of perpendicular load the first mixed indices coefficient δ 45 is zero (15), if the x'y' coordinate axes point into the suitable direction. (Just the geometrical symmetry is required in (15) because of trigonometric functions.)
The γ and γ' angles are determined with the following equations:
From these equations, two γ (denoted by γ 1 , γ 2 ) and two γ' (denoted by γ' 1 , γ' 2 ) angles are given, which are perpendicular (γ 1 ⊥ γ 2 and γ' 1 ⊥ γ' 2 ). The A and B coefficients are given below:
Rectangular-shaped frames have the following features on all sections:
The next step of the investigation is to determine the location of σ and Σ points. The coefficients δ 13 and δ 46 are zero if the x or x' coordinate axes are on the symmetry axis. If the σ or Σ points are on the x or x' coordinate axis, the task is to calculate only the x or x' coordinate. Furthermore the third mixed indices coefficients δ 23 and δ 56 are zero if the y or y' coordinate axes are on the symmetry axis and it is needed to calculate only the y or y' coordinate.
Calculations with symmetry plane(s)
In general case (without any symmetry) the task is leading to six simple equations if the xyz or x'y'z' coordinate systems are known. The σ and Σ points mostly are in different positions, furthermore x and x', y and y' coordinate axes are not parallel. This means that there is need to determine the principal axes and locations of σ or Σ points without any symmetry support. It must be examined whether the deformation caused by normal and shear loads are negligible. If not, (13) and (15) must be applied. The tables below show how many compatibility equations must be determined in different number of symmetries for the analysis. The unknowns are signed with "•" symbol (see Tab. 8) and the given unknowns (where there is no need for calculation) with "○" symbol.
Rectangular-shaped structures with one symmetry plane
The rectangular-shaped frame structure with one symmetry plane is the first step in the reduction process. If the structure had not any symmetry, it would cause a large number of equations and it would not be possible to reduce them. The frame has the following α angles in order: 0°, 180°-α, 180° and α, if the first section is principal axis. In case of rectangular-shaped section between two opposite sides there is 180° difference.
With this consideration, the simplified mixed indices matrix coefficients are:
In case of one symmetry plane the second argument is zero in (13) , so the deformation caused by the normal and shear load is zero thus the "principal axes" are real principal axes.
Because of the symmetry plane, one of the σ or Σ point's coordinates is given. At the first column y axis is principal axis, so only the y coordinates must be calculated. At the second column x axis is principal axis, so only the x coordinates must be calculated (see Tab. 9).
Rectangular-shaped structures with two symmetry planes
It is worth dealing with symmetry or antisymmetry of load, which can reduce the computational work. The rectangularshaped frame with two symmetry planes has two pair sections with the same features. The α angles are in order 0°, 90°, 180° and 270°. The statically indetermined inner forces can be written with six independent equations and do not cause difficulty to solve them. In case of two or more symmetry axes, the symmetry does not divide into six groups, but eight orthogonal groups. However, there are two statically determined groups, thus there is no need to take them into consideration. With this consideration, the simplified mixed indices matrix coefficients are:
Because of the two symmetry planes, σ or Σ is given and the two statically determined independent equations can be solved easily. Those are equations with a single unknown. In the tables they are denoted by "•" symbol (see Tab.10). 
The general shape frame structure occasionally can be found in vehicle. The σ or Σ points are located in the symmetry planes section. There is no need to calculate them. The "principal axes" can be chosen without any difficulty.
Conclusions
This paper showed that the symmetry usage during the commercial vehicle design process can be applied to reduce the governing equations. The planar-frame structures can be divided into four groups. The first group contains those structures where there is no symmetry at all; they are called general planar-frame structures. The "principal axis" (in the classical method) is not a real principal axis. The frame structures with one symmetry plane are in the second group. There is opportunity here for reduction in contrast with the first group. The σ or Σ points are located on the symmetry axis. The deformations caused by normal and shear loads are zero and the "principal axes" are real principal axes (the deformation is calculated, but given zero). The third group contains those structures where the calculation can be supported with two symmetry planes. This gives the opportunity to reduce the number of descriptive equations. The σ and Σ points, and the principal axes are coincident. The last group contains those structures which have three or more symmetry planes. These structures have infinite number of principal axes position, but do not give extra advantage in calculation.
Appendices
It is important to define the sign rule. Both the force and torque vectors which are acting in the σ or Σ points point to +x, +y, or +z axis and the free sliced section is located in the first quarter. The bending torque is positive if the shirred side is the outside in case of planar load. In case of perpendicular load the torque positive if the shirred side is located on the +z side. The torsion is positive if the free end of the frame is turning out. The shear is positive if the shear vector points out from the frame. In case of perpendicular load the shear is positive if the vector points at +z. And finally the normal load positive if it is tensile. a.) Substitution of torsion stiffness (for two end bounded, prismatic thin-wall beam, (Erz, 1957 
